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MATH2060B Midterm II Solution

x cos(x) x
V1t Vad

Since / 2732 dy converges, by comparison test, /
1 1

= 2732 Yz € [1, 00).

1(a)

|z cos(x)

V1+a°

dx converges.

> xcos(x)
Hence dx converges.
1

V14 ab

1(b) Let F(y) = [ f(t)dt,Vy € R. Then g(z) = F(2z + 1) — F(2z),Vz € R.
Since f is contmuous, by the fundamental theorem of calculus F' is differentiable
and F'(y) = f(y),Vy € R.
Then by chain rule g is differentiable and ¢'(x) = 2f(2z + 1) — 2f(2z),Vx € R.
By triangle inequality, |¢'(z)| < 2(|f'(2z 4+ 1)| + | f'(27)]) < 2(5+5) = 20,Vz € R.

2(a) When z =0, f,(0) =0 Vn, so lim f,,(0) = 0.

1
When 0 <z <2, fu(z) = 2”?—1’” = s — 0 as n — oo.
When z = 2, f,(2) = 5 Vn, so lim f,(2) = 1.

if z € ]0,2)

Hence {f,} converges pointwise to a function f ,where f(z) = { 9

o= O

n

200) 1, = Slloy = sop { |55

Hence {f,} converges to f uniformly on [0, 1].

1
—0’:x€[0,1]}§2—n—>0asn—>oo.

2(c) Suppose {f,} converges to f uniformly on [0,2]. Since each f, is continuous on
[0, 2], then its limit f must also be continuous on [0, 2].
Contradiction. Hence {f,,} does not converge to f uniformly on [0, 2].

3 By uniform convergence, 3N € N s.t. Vn > N, || f, — fllpa < 1.
= falloy < [ flloy + 1,V > N.

Let M = max {||fi[lo,u; - [ fv-1lps [[ 1o + 1}
Then || fulljoa) < M,Vn € N and the result follows.

4(a) Let 0 =29 < 21 < ... <z, = 1 be the partition points of P.
sup g— inf g=sup |f(2)’ = f(y)’l= suwp |f(x)+ fWIf(2) - fW)

[Iifl,xi] [:E»L 1 xl] a:ye[xifl,xi] I,ye[l‘i,hxi}
<6( sup |[f(z)—f(y||=6{ sup f— inf [].
T,YE[Ti—1,2i] [Ti—1,2] [#i—1,24]
Then
U(g,P)—L(g,P)=Z<[ sup 9 inf ]g>( — i)
i—1 \[zi—1,% Ti—1,T

<6‘Z< sup f— inf f)( —a1) = 6(U(f, P) — L(f. P)).

[Ti—1,24] [xi—1,24]
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A(b) Given € > 0,3 a partition P of [0,1] s.t. U(f, P) — L(f, P) < %

For this P, we have U(g, P) — L(g, P) < 6(U(f,P) — L(f, P)) < e.
Hence ¢ is Riemann integrable.

5 For any N € N, let n > m > N. Then

1 1
”gn - gm||[20,1] = /0 H(gn - gm)QH[o’l} dz Z /0 (gn(x) - gm($))2dx

= | 0ufe) = 20,00 (2) + 90 () = 2.

By Cauchy criterion, {g,} does not converge uniformly on [0, 1].



